We study the variational principle over an Hilbert-Einstein like action for an extended geometry taking into account torsion and non-metricity. By extending the semi-Riemannian geometry, we obtain an effective energy-momentum tensor which can be interpreted as physical sources. As an application we develop a new manner to obtain the gravitational wave equations on a Weylintegrable manifold taking into account the non-metricity and non-trivial boundary conditions on the minimization of the action, which can be identified as possible sources for the cosmological constant and provides two different equations for gravitational waves. We examine gravitational waves in a pre-inflationary cosmological model.
I. INTRODUCTION
In the standard treatment to minimize the action, when a manifold has a boundary ∂M, the action should be supplemented by a boundary term, so that the variational principle to be well-defined [1, 2] . However, this is not the only manner to study this problem. As was recently demonstrated [3] , there is another way to include the flux around a hypersurface that encloses a physical source without the inclusion of another term in the Hilbert-Einstein (HE) action. This treatment imposes a constraint on the dynamics obtained by varying the EH action. In that paper was demonstrated that the non-zero flux of the vector metric fluctuations through the closed 3D Gaussian-like hypersurface, is responsible for the gaugeinvariance of gravitational waves. In present paper we are dealing with the variational principle over a Hilbert-Einstein like action, using an extended geometry with torsion and non-metricity, from which we obtain an effective energy-momentum tensor with sources in the torsion and the non-metricity. It can be viewed in a Riemannian geometry as a describing an effective stress tensor that represents a geometrically induced matter. Additionally, we develop a new manner to obtain gravitational waves on a Weyl-integrable manifold, which has non-metricity and nontrivial boundary terms included.
The paper is organised as follows: in the following section we shall study the general formalism. In Sect. IV we examine the formalism in absence of torsion, taking into account purely Weylian contributions. In Sect. V we deal only with the contributions due to boundary terms. In Sect. VI we examine an example in which massless gravitons are emitted during a pre-inflationary epoch of the universe. Finally, in Sect. VII we develop some final remarks.
II. GENERAL FORMALISM
We consider the variational principle in presence of torsion and non-metricity in an Hilbert-Einstein action. We shall start by considering an action in an extended geometry (i.e. a non-Riemannian manifold) conformed by a gravitational sector without the presence of matter in such generalized geometry. The Hilbert-Einstein action was extensively studied in Riemannian geometry [4] , but we shall deal with an extended geometry:
where V denotes the volume of a spacetime manifold featured by a non-metricity [5] , [6] and a general torsion [5] , [7] . Furthermore, g is the determinant of the metric tensor g αβ , the gravitational coupling is denoted by κ = 8πG and R = g αβ R αβ is the scalar curvature. For a coordinate basis of the tangent space {∂ σ }, the components of the Riemann tensor are given by
where the symbols Γ α µν denote the coordinate components for a generalized connection defined by [5] , [8] 
These components can be written in the general form
where γ αβ are the components of the usual Riemannian connection (the second kind Christoffel symbols) and K σ µν is a contortion tensor due to torsion and non-metricity, defined by [9] 
such that τ α µν and N αβγ are respectively the torsion and the non-metricity tensors. For a coordinate basis, they are
where the semicolon denotes the covariant derivative defined in terms of the Γ connection (i.e. defined on the extended manifold). Now, in order to derive the dynamical equations for gravitational waves on this general space-time manifold in a novel and consistent manner, we shall use a variational procedure.
The variation of the action (1) leaves to the expression
where G αβ = R αβ − (1/2)R g αβ is a generalization of the Einstein tensor, due to the fact that it is calculated in terms of the Γ connection (4) . Therefore, it is easy to show that the generalized Einstein tensor contains contributions associated with both tensors, torsion and non-metricity. The last term between brackets of the equation (8) can be written as a generalized Palatini's identity in the form
where
αβ . Here, we have introduced the auxiliary tensor W µ αβ defined by
Inserting (9) in (8), and using the identity g αν ;µ = −g βν g ασ N σβµ , we obtain the variation of the gravitational sector of the action (1)
where ζ αβ is an auxiliary tensor field, given by
The third and fourth integrals in (11) , are respectively related to the presence of nonmetricity and torsion. On the other hand, the second integral in (11) can be reduced to a 3D hypersurface integral, in virtue of the Stokes Theorem:
where n µ is a vector field which is normal to the hypersurface ∂V . It is usual in the literature to suppose that the surface integral must be neglected when the radius of ∂V is large enough to impose that the field W µ → 0 in such limit, or when W µ is tangent to ∂V , that is, when W µ satisfies the relation W µ n µ = 0. In this paper we shall adopt a different path, and we shall see that the 3D hypersurface term is a source for the cosmological constant [3] . From the expression (13), can be noticed that the term
αβ ; ν has contributions of non-metricity. This implies that, if we drop this term, the new contribution is not very important. However, when we neglect such boundary term, we must be careful with non-metricity.
We must notice that the Einstein tensor in (11) can be written as a Riemannian part, plus a non-Riemannian one, in the form
In this expression, the bar inḠ αβ indicates that the Einstein tensor is calculated with the Levi-Civita connections. The symbol "|" denotes the Riemannian covariant derivative. It follows from (14) that when the non-metricity and the torsion vanish. The Einstein tensor in the first integral of (11), simply reduces to the usual Einstein tensor calculated with the Levi-Civita connections.
Now, using the equations (4) and (5), the auxiliary tensor W σ αβ and the vector field W σ , can be written as
Notice that the term in the first bracket of the expression (15) is the symmetric part of W µ αβ , while that the term in the second bracket is the antisymmetric part of W µ αβ , which do not contribute in W µ .
III. THE TORSIONLESS CASE
The torsion contribution was historically linked to spin matter [10, 11] , or magnetic monopoles [12] . This is a controversial topic that deserves a rigorous treatment, which goes beyond the scope of this work and we shall study in a further work. For this reason, in this section we shall study the case of a space-time manifold equipped with non-metricity and without torsion. Under these considerations, the equation (11) reduces to
where we are taking into account a boundary condition in which the 3D hypersurface integral term in (11) is nonzero. In the absence of matter sources, we can associate the geometrical vacuum with a physical one, through the introduction of a dynamical cosmological constant term, in the form
Here, Λ(x) is a function of the proper time on the manifold defined by the connections (4), and can play the role of a dynamical cosmological constant with two sources: the surfaceassociated term and the non-metricity term of (17). We must see two separated contributions to the cosmological constant
with Λ(x) = Λ 1 (x) + Λ 2 (x). Hence the equation (17) becomes
By imposing the condition that the action is an extreme: δS = 0, we obtain
which correspond to the extended Einstein field equations in vacuum where the Ricci tensor R αβ and the scalar curvature R, are both calculated with the affine connections (4), without torsion. Using (14) , the equations (22) can be written as
whereT αβ is a geometrical tensor which must be interpreted as the effective energymomentum tensor for a Riemannian geometry, but geometrically induced by the nonmetricity of the manifold
In absence of torsion, the effective contortion tensor K σ µν is due exclusively by the nonmetricity contribution:
Physically we can interpret the equations (23) as the Einstein field equations with a cosmological constant term and a geometrically induced tensorT µν , playing the role of an energy-momentum tensor associated with matter sources. This is a kind of induced matter theory where matter has a geometrical origin, but in this case it is not induced by a foliation on an extra-dimension, but on the non-metricity of the Weylian connection. One problem with the non-metricity is related with the integrability of the space-time. In simple words, non-metricity leads to the atomic second clock effect. However, one geometry with non-metricity free of this problem is the well known Weyl-Integrable geometry. In the next section we will consider this kind of space-time geometry.
IV. WEYL-INTEGRABLE MANIFOLD AND GRAVITATIONAL WAVES FROM
We shall focus in this section on the particular case of a Weyl-Integrable non-metricity [13] . The non-metricity tensor N σµν and the non-metricity contortion tensor K µ αβ , are given by the expressions
where ϕ(x) is a scalar field known in the literature as the Weyl scalar field.
The field equations (23) are still valid for this particular non-metricity, and the equation
where W µ is given by
Using the fact that (W ) g αβ = g αβ;ν ;ν = g αβ (2ϕ ,λ ϕ ,ρ + ϕ ,ρ;λ )g λρ , and the expression (29), we obtain that the equation (28) can be written in the form
where we have introduced the scalar field Φ = W µ ϕ ,µ . It can be easily seen that the condition 2ϕ ,µ ϕ ,ν + ϕ ,µ;ν = 0 is valid when the Weyl scalar field ϕ satisfies the formula:¯ ϕ = 0. Thus, when the field ϕ obeys a Riemannian wave equation, the expression (30) reduces to
which must be separated to obtain particular solutions
with |v| 2 = ϕ ,α ϕ ,α for the Weyl vector field in any point. With the help of the equations (4) and (27), the expression (32) can be separated into a Riemannian part plus a part that depends of the Weyl scalar field in the form
which must be viewed as an effective gravitational wave [14] with a massive term originated in the Weyl field. In the case in which ϕ = 0 (|v| 2 = 0), the problem reduces to a family of homogeneous equations for Riemannian geometry.
A. Massless Riemannian gravitons
As was point out in last paragraph, we could obtain an homogeneous Riemannian wave equation in the case with ϕ = 0, but this is not the only way. We see that (31) directly conduces to
If we set the particular solution with Φ = 5 e ϕ and Φ ,µ ϕ ,µ = 5 Φ |v| 2 , hence the equation (34), must be rewritten as¯
plus the condition¯ ϕ = 0 which we already imposed to reduce (30). Notice that the equation (34) takes into account the simplest case corresponding to Φ , ν = 0, which implies |v| = 0. In this case this expression can be reduced to the particular form of (35), with the additional condition:¯ Φ = 0.
B. Massless Weyl-like graviton
To study Weyl massless gravitons, we must take into account (31), with the condition 2 v ν v µ + v ν;µ = 0, in order to obtain solutions that make possible (W ) δg ab = 0, under the corresponding equation for the Riemannian geometry:
We see that
which once evaluated in (36), gives us a massive Klein-Gordon equation on the Riemannian manifold¯
with
It is easy to see that for Λ 1 ∼ 1 t 2 , we obtain
which in the asymptotic limit for (38)
corresponding to a massive Riemannian graviton with the mass term originated by the Weyl vector:
It is easy to see that the equations (36) and (31), imply that
which is linked to a non massive Weyl graviton.
The present formalism admits both kind of solutions: massive and massless nonRiemannian gravitons. This versatility enables us to avoid the problems of massive gravitons by dealing only with effective Riemannian massless gravitons (which comes from a massive non-Riemannian one), and make possible the study of "effective" massive Riemannian gravitons which are really massless in a non-Riemannian sense. In both cases imply a new kind of gravitational waves with source in non-metricity, which is a difference with the usual GR gravitational waves.
V. GRAVITATIONAL WAVES FROM Λ 2
In the previous section we have examined gravitational waves in Weyl geometry using (19), which is associated to the third term of (11). Now we shall see that the second term of (11), which also contributes to the total cosmological constant, allows us to construct gravitational waves in a different manner [3] . Although we have supposed that the surface term in (13) is nonzero, we must notice that in general, it is commonly considered in the literature as null. However, this assertion do not implies that W µ ;µ = g µν W µ;ν must be identically zero in the inner of the manifold. Hence, one always can define a geometrical field ψ ab , according to
such that
This is a wave equation with sources originated in the surface term associated to Λ 2 . Using the equations (4) and (26), we obtain 
withW ν |ν = φ in the equation (10) of [3] , relating the divergence of the Weyl field (W ) W ν with the scalar field employed in such article. In our case it is associated to the Weyl geometry, and the field (W ) W ν must be written in terms of Φ = W ν v ν :
after supposing the Weyl vector field is nonzero. Then, (45) becomes
which clearly reduces to¯
in absence of non-metricity.
VI. MASSLESS GRAVITONS FROM Λ 1 IN PRE-INFLATION
We consider the case of an expanding universe with cosmological constant Λ 1 = 0, such
]. An interesting case is that of an pre-inflationary universe, with a Hubble parameter
such that the scale factor of the universe is
. This model describes an universe with a Hubble parameter that increases from a null value to an asymptotically constant value H(t)| t≫G 1/2 → 2 3
Λ, describing the creation of the universe and its transition from a static state to an accelerated de Sitter inflationary expansion. This metric was proposed and studied in a non-metricity free scenario in [3] and we follow his method to solve eq. (35):
we propose an expansion of the form
where index M = +, × denote the transverse polarizations +, ×, on the plane normal to k and e M ab are the components of the polarization tensor, such that e M abē ab
We work in the frame in which k is in theẑ direction, and the polarizations are
with a, b spanning the (x, y) plane. We shall use the TT gauge in order to solve the gravitational waves equations, such gauge is represented by next conditions
The equation of motion for the modes χ k (t) is
The annihilation and creation operators A k and A † k satisfy the usual commutation algebra
We obtain the normalization condition for the modes χ c (τ ):
with τ = b t, where b =
. The asterisk in (58) denotes the complex conjugated.
For the case in which the Hubble parameter and the scale factor are given respectively by (51) and (52), the general solution for the amplitudes χ c (τ ) is
where Hn[a, q; α, β, γ, δ; z] = ∞ j=0 c j z j is the Heun function. We can do a series expansion in both sides of (58) according to
where f N (c (N ) n ) = 0, for each N. There are 2N modes for each N-th order of the expansion, we obtain conditions for coefficients C 1 and C 2 , and the values for wave-number k. From the zeroth order expansion (in τ ), we obtain that C 2 = i C 1 /2. Hence, we shall choose C 1 = 1
The serie is infinite so that there are infinite values of quasi-normal modes with projection on the plane orthogonal to the direction of propagation with zero norm according toẑ: 
VII. FINAL COMMENTS
We have studied a new formalism to describe gravitational wave dynamics on a Weylian manifold. The case in which the geometry is free of torsion has been examined. This case will be considered in a further work. Of course, due to the fact the nature of the manifold is Weylian, the non-metricity and the boundary terms must be taken into account. The fist case was studied in Sect. III and provide us an integrable treatment of the Weylian manifold. The second case was studied in Sect. IV and is important because nontrivial boundary terms could be responsible for the cosmological constant produced by a source inside a 3D Gaussian-like hypersurface that encloses that source. This source also could be responsible for the production of gravitational waves. To finalize, it is important to notice that in the paper [15] , the authors obtain a gauge-invariant relativistic quantum geometry by using a Weylian-like manifold with a geometric scalar field, which provides a gauge-invariant relativistic quantum theory, in which the quantum algebra of the Weylian-like field depends of the observers. Is important to notice that, in the context of [15] , the fields (W ) W α andW α must be interpreted as variations, the first one linked to the quantum geometry described by the Weylian-like manifold, and the second one related to classical process related to the Riemannian manifold, which must be zero. In order to make our formulation compatible with the ideas of such work, we must impose the conditionW α = 0, which conduces from 
where the last equation represents an effect originated in the Λ 2 frontier contribution and enterally due to non-metricity, which is of quantum nature.
In Sct. (VI), we have solved the particular example of the gravitational wave associated to Riemannian massless gravitons over a FRW background describing a pre-inflationary scenario. The normalization conditions for the modes impose that the wavenumbers for δg αβ are an infinity number of discrete complex values for the polarization modes, which can be real and imaginary for the +-modes and complex for the ×-modes.
